Introduction
T he experimental and theoretical study of single-molecule kinetics is a subject of topical interest in chemical kinetics (1) (2) (3) (4) (5) (6) (7) (8) . where P u (t) is the probability that the molecule is in the chemical state u at time t and k uuЈ (t) is the transition rate from the state u to the state uЈ at time t.
(ii) Because of the conformational and other (energy) fluctuations in the single molecule, the rate coefficients k uuЈ (t) themselves are random functions of time; their stochastic properties are represented in terms of a set of control parameters s(t) ϭ (s 1 (t), s 2 (t) . . .) (refs. 3 and 4) , that is:
[2]
The various chemical states of the molecule may be either fluorescent or nonfluorescent. The experimental observable is the fluorescence signal I(t) corresponding to the molecule studied; since the experiments are usually carried out in a timeindependent regime, the time series describing the evolution of I(t) is stationary. The kinetic information is extracted from the various correlation functions of the fluorescence signal C m ϭ ͗⌬I͑t 1 ͒ . . . ⌬I͑t m ͒͘.
[3]
The correct interpretation of the experimental data should take both types of f luctuations into account, the random walk among the different chemical states of the molecule described by Eq. 1, as well as the conformational and other (energy) f luctuations of the single molecule, which lead to randomly f luctuating rate coefficients. The use of a realistic description of intramolecular dynamics leads to very complicated kinetic laws. For this reason in the literature the intramolecular dynamics is described by a simplified mesoscopic model characterized by a set of stochastic variables s(t) ϭ (s 1 (t), s 2 (t), . . .), which are referred to as ''control parameters'' (1). Unfortunately, even for this simplified description the analysis of the interactions between these two types of f luctuations is a difficult theoretical problem and, with a few exceptions, the To whom reprint requests should be addressed. E-mail: john.ross@stanford.edu.
treatments presented in the literature are numerical. The field theoretical approaches to multiplicative random processes introduced by us for the study of rate processes in disordered systems (9, 10) may serve as a basis for the appropriate theoretical description of the two types of f luctuations as well as for developing new methods for extracting kinetic information form experimental data.
In this paper we study two problems:
(i) An Exactly Solvable Model for Systems with Separable Rate Coefficients. We introduce the assumption that the fluctuating rate coefficients fulfill a separability condition-that is, they are made up of the multiplicative contributions of two factors: (a) a universal factor, which depends on the vector of control parameters and is the same for all interaction processes and (b) process-dependent factors, which depend on the initial and final chemical states of the molecule but are independent of the control parameters. For such a model we can introduce an intrinsic time scale, which makes it possible to apply the method of characteristic functionals (9, 10), and we compute exactly the correlation functions of the fluorescent signal.
(ii) Predictions of the Theory That May Be Tested Experimentally. In conventional chemical kinetics ideal chemical systems with detailed balance never display oscillations. For single-molecule systems, however, damped oscillations may exist even for systems with detailed balance. Damped oscillations may show up in the experimental correlation functions of the f luorescence: they are displayed not in real time but rather in the time differences on which the stationary correlation functions depend. We carry out a theoretical study of this type of oscillations and investigate their main features, which may show up in the experimental data.
General Analysis of the Kinetic Model
Our model is described by the inhomogeneous master Eq. 1, where the rate coefficients k uuЈ (t) are random functions of time depending on the vector of control parameters s(t) ϭ (s 1 (t), s 2 (t), . . .). We assume that the rate coefficients k uuЈ (t) ϭ k uuЈ (s(t)) obey the separability condition
where ␥(s(t)) is a universal random component that depends only on the vector of control parameters s(t) but is independent of the initial and final states of the molecule, u, uЈ, and k uuЈ 0 is a nonrandom component independent of the vector of control parameters. The separability condition 4 makes it possible to introduce an intrinsic time scale that is a random function of ordinary time. The intrinsic time scale is the solution of the stochastic differential equation:
that is
Here v(t) is the rate of change of the intrinsic time scale with respect to the ordinary time. If the stochastic properties of the vector of control parameters s(t) are known, then the stochastic properties of the rate of change v(t) can be easily derived by means of a nonlinear transformation of random variables. In terms of the intrinsic time scale the master equation can be written in a simpler form
where
Our objective is to compute the correlation functions of the fluorescence signal I(t), which are experimental observables. Each state u ϭ 1, 2, . . . , is either fluorescent or nonfluorescent. We attach to each chemical state u of the molecule a value ␣ u , which can be either ␣ u ϭ 0 for a nonfluorescent state or ␣ u ϭ 1 for a fluorescent state. The fluorescence signal can be symbolically represented by an operator
and thus the correlation functions C m can be represented as multitemporal averages of the operator ‫މ‬ . . . . For a system that obeys the separability conditions 4 the averages leading to C m can be evaluated in two steps. (i) We start by representing the state probabilities in terms of the intrinsic time scale and evaluate the averages in terms of these probabilities. Finally, we take an average with respect to all random trajectories, which expresses all possible realizations of the intrinsic time as a random function of the laboratory time. The first average depends on the Green functions G u 0 u () in intrinsic time attached to the master Eq. 7. The functions G u 0 u () are the solutions of the differential equations
The current set of state probabilities P u () can be formally expressed as
In the intrinsic time scale the multitemporal correlation functions are given by
To use Eq. 12 we need to evaluate the Green functions G u 0 u () in the intrinsic time. This can be easily done by using the Sylvester theorem (11) . The functions G u 0 u () depend on the eigenvalues of the secular equation
] is a stochastic matrix it follows that its largest eigenvalue is simple and equal to zero and all other eigenvalues are negative. If the secular Eq. 14 has the roots 1 ϭ 0, 2 , 3 , . . . with the multiplicities m 1 ϭ 1, m 2 , m 3 , . . . , respectively, then, according to the Sylvester theorem, the matrix of Green functions G() ϭ [G uuЈ ()] can be expressed as
To evaluate the correlations in real time, we describe the stochastic properties of the intrinsic time in terms of the characteristic functional attached to the change rate v(t):
where q(t) is a test function attached to the change rate v(t). The correlation functions in real time can be expressed as multiple time averages
where the average ‫.{ޅ‬ . .} is taken over all possible trajectories of the rate of change v(t). Because the experiments reported in the literature are carried out in stationary conditions we assume that in Eq. 18 P u 1 is time independent. We also assume that the fluctuations of the change rate v(t) are stationary. The average in Eq. 18 can be computed by taking into account that the Sylvester expansion 15 and the definition 17 of the characteristic functional ᑭ[q(tЈ)] have a similar structure. We express Eq. 15 in the following form:
insert Eq. 19 into Eq. 18 and use the identity
where h(x) is Heaviside's step function. After lengthy calculations we come to
. . .
If [22]
Eq. 21 becomes
Eqs. 21-23 are the main formal results of this paper. They express the correlation functions of different orders of the fluorescence signal in terms of the random fluctuations of the different chemical states, expressed by the master Eq. 1 and of the random fluctuations of the rate coefficients, expressed by the fluctuations of the rate of change. Eqs. 21-23 are rather complex and their application to different reaction mechanisms involves large numbers of algebraic manipulations. For illustrating our approach we consider the particular case of a system with two states u ϭ 1, 2 of which one state is fluorescent and the other one is not fluorescent. In this particular case the correlation functions of different orders of the fluorescent signal can be evaluated directly from Eq. 21. After lengthy computations we get the following expressions for the correlation functions of the fluorescent signal of order two, three, and four:
and
are damping factors that can be expressed in terms of the characteristic functional ᑭ[q(tЈ)] of the change rate v(tЈ).
The separability condition introduced in this paper is related to the condition of detailed balance. Let us consider a master Eq. 1 for which the rate coefficients, expressed as functions of the vector of control parameters, k uuЈ (t) ϭ k uuЈ (s(t)), are compatible with a unique set of equilibrium rate probabilities P u eq , u ϭ 1, 2, . . . , which are independent of the vector of the control parameters. The condition of detailed balance requires that k uuЈ ͑s͒͞k uЈu ͑s͒ ϭ P uЈ eq ͞P u eq independent of s.
[30]
The constraint 30 is fulfilled if the rate coefficients can be factorized in the following form:
where and we recover the scaling law 4. We also notice that for a system with two chemical states, and for which the equilibrium state is independent of the control parameters, the separability condition is automatically fulfilled.
Extracting Kinetic Information from Experimental Data
The damping factors Ᏽ(⌬t) and ( 1 , 2 , 3 ) have a structure similar to the expressions of the survival functions in multiparticle kinetics in disordered systems. By comparing their experimental values obtained from the observed correlation functions with the theoretical values given by Eqs. 24 -26, we can extract information about the kinetics of the process. By assuming that the cumulants ͗͗v(t)͘͘, ͗͗v(t 1 )v(t 2 )͘͘, . . . of the rate of change v exist and are finite, the damping factors can be computed by using a cumulant expansion similar to the Mayer-Mayer expansion from equilibrium statistical mechanics. We come to
[
35]
Since the single molecule is fluctuating at statistical equilibrium the fluctuations of the control parameters and of the rate of change are stationary. Under these circumstances we can consider that, without loss of generality,
Eq. 36 is a gauge condition which ensures that the intrinsic and laboratory time scales are identical in the absence of fluctuations. It is convenient to introduce the effective decay rate:
[37]
Eq. 37 can be used for extracting information about the nature of intramolecular f luctuations, which in the case of our model are expressed by the f luctuations of the rate of change v(t). If the f luctuations of the rate of change are short range (for example, Markovian or independent f luctuations), then in the long run, the effective decay rate is independent of the time difference ⌬t k eff ͑⌬t͒ ϭ independent of ⌬t as ⌬t 3 ϱ.
[38]
It follows that if condition 38 is fulfilled by the experimental data, the intramolecular fluctuations are short range. Otherwise a time dependence of k eff (⌬t) for large time differences shows that the intramolecular fluctuations are long range. We notice that the average value of the total decay rate is given by
It turns out that the difference
expresses the contribution of the intramolecular fluctuations to the effective decay rate. In general this difference is made up of an infinite series and it is hard to extract detailed information about intramolecular fluctuations from the function ⌬k eff (⌬t) evaluated from experimental data. This is, however, possible in the particular case of Gaussian fluctuations of the change rate. In this case all cumulants of order higher than two vanish and the difference ⌬k eff (⌬t) is given by
and then,
where g(͉t 2 Ϫ t 1 ͉) ϭ ͗͗v(t 1 )v(t 2 )͘͘ is the second-order correlation function of the rate of change, expressed in a form that takes advantage of the stationarity of the fluctuations of v(t). That is, for Gaussian fluctuations it is possible to evaluate the second-order correlation function of the change rate from experimental values of the correlation functions of the fluorescent signal. We note that this method is also approximately valid if the fluctuations are close to a Gaussian behavior. In this case the cumulants of order higher than two, although different from zero, have a smaller contribution to the series 40 than the cumulant of order two, which produces the dominant contribution to the series 40.
Damped Oscillations of Correlation Functions
According to our approach it is possible that the damped oscillations of the correlation functions of the fluorescent signal are due to the intramolecular fluctuations. If we limit ourselves to the case of Gaussian fluctuations, it is easy to show that if the correlation function of the rate of change, g(⌬t), which expresses the intramolecular fluctuations, displays damped oscillations, then damped oscillations may also occur in the correlation functions of the fluorescent signal. According to the normal mode theory (12) the function g(⌬t) can be expressed as
where q are real and complex discrete eigenvalues ( q (real) ; Ϯq (compl) ϭ q Ϯ i q ) with q (real) , q Ͼ 0, (q) are continuous eigenvalues, and c q , c(q) are amplitude factors. In general these eigenvalues and amplitudes are complex and their values must be chosen in such a way that the corresponding Gaussian process is physically consistent. If the mode spectrum is purely discrete, then in Eq. 43 the integral term is missing and the stochastic process, although generally non-Markovian, has usually short memory. The Markovian case corresponds to a single exponential, that is, to a single mode. For a discrete spectrum with q ϭ finite the Markovian approximation is accurate for large time differences because in this case the main contribution to the sum in Eq. 43 is given by a single exponential that corresponds to the frequency with the smallest absolute value. An interesting situation is the one for which the mode spectrum has a continuum branch. In this case the tail of the correlation function may obey a scaling law of the inverse power type and the system may display long memory. In this paper we limit our analysis to the case of short-range fluctuations, for which Eq. 43 contains only the contribution of the discrete spectrum with q ϭ finite.
By using Eqs. 35 and 43 we get the following expression for the damping factor:
where ⌰(⌬t) is a phase factor that can be expressed as a combination of trigonometric functions modulated by exponentially decreasing amplitude factors. The phase factor ⌰(⌬t) and the variation ⌬k eff (⌬t) of the effective rate coefficient have the following asymptotic behavior: where ᏹ and ᑝ are dimensionless nonnegative proportionality factors. For both long and short times the variation ⌬k eff (⌬t) is negative; as expected, for large time difference the variation is constant, as it should be for short-range intramolecular fluctuations. The phase factor ⌰(⌬t) and the damping factor Ᏽ(⌬t) display damped oscillations in the time difference ⌬t. We did an analytical and numerical study of the possible occurrence of damped oscillations in the correlation functions of the fluorescent signal, due to the presence of damped oscillations in intramolecular dynamics, represented by discrete complex eigenmodes in Eq. 43. In order for the damped oscillations to show up in the correlation functions of the fluorescent signal, it is necessary that the time scale of the chemical process be of the same order of magnitude or smaller than the time scale of intramolecular dynamics. The oscillations originating in intramolecular dynamics show up in the correlation functions of the fluorescence signal for large values of the ratios q ͗͞k ⌺ ͘ between the imaginary parts of the complex eigenmodes q and the average value ͗k ⌺ ͘ of the total rate coefficient. Compared to the ratios q ͗͞k ⌺ ͘, other factors such as the fractions q (real) ͗͞k ⌺ ͘ and q ͗͞k ⌺ ͘ and the amplitudes of the different eigenmodes have a smaller influence on the oscillations of the correlation functions of the fluorescence signal. For illustration, Fig. 1 shows such a damped oscillating behavior for relative value of the second-order correlation function of the fluorescent signal C 2 ()͞C 2 (0) ϭ ͗⌬I(t ϩ )⌬I(t)͗͘͞⌬I 2 (t)͘. Similar behavior is displayed by the correlation functions of higher order.
The above analysis shows that one possible cause for the existence of the damped oscillations of the correlation functions of the fluorescent signals is the intramolecular dynamics of the single molecule. For these oscillations to be observable it is necessary that the characteristic time scale of the intramolecular dynamics is of the same order of magnitude or even larger than the time scale of the chemical transformation. In usual chemical kinetics such oscillations are not observed because large numbers of molecules are involved in the chemical process and the effects of different intramolecular oscillations cancel each other.
Another possible cause for the occurrence of the damped oscillations of the correlation functions is the interaction between chemical dynamics and intramolecular dynamics. Such an explanation was suggested by Edman and Rigler (8) to explain their experimental data on the oxidation reaction involving a single molecule of immobilized horseradish peroxidase. For simplicity, they neglected the random fluctuations of the rate coefficients and assumed that the kinetics of the process can be described by a simplified form of the master Eq. 1, where the rate coefficients k uЈu are constant. They have chosen sets of rates k uЈu that correspond to closed loops of states and violate detailed balance. It has been theoretically proven that a master equation with rates k uЈu that violate the detailed balance are capable of producing damped oscillations (13) . The model of Edman and Rigler (8) seems to contradict the principles of statistical mechanics, because they evaluate time-invariant equilibrium correlation functions by using a model that violates the detailed balance. However, we show shortly that this is not the case. It is true that a single molecule is not a macroscopic system and therefore it does not have to obey equilibrium statistical mechanics. The single molecule, however, is not isolated, it is in connection with its environment, and in most experiments reported in the literature, the ensemble molecule plus environment are at statistical equilibrium. The experimental studies of single molecule kinetics involve the measurement of the regression of the equilibrium fluctuations of the fluorescent signal. Now we introduce an approach which shows that the model of Edman and Rigler (8) is correct and does not violate detailed balance. We assume that the intramolecular dynamics, expressed in terms of the control parameters s(t) ϭ (s 1 (t), s 2 (t) . . .), can be described by a Markovian stochastic process. We denote by (s, t)ds the probability that at time t the vector of control parameters is between s and s ϩ ds and assume that its time evolution is described by a linear evolution equation, Ѩ t (s, t) ϭ ‫ތ‬(s, t), where ‫ތ‬ is a Markovian operator of the Fokker-Planck, master, or Liouville type. We introduce the joint probability density ᏼ u (s, t) for the chemical state of the molecule u and the control vector s. This joint probability density is the solution of a compound stochastic Liouville equation (14):
[47]
We are not interested in the evaluation of this joint probability density but rather on the evaluation of the marginal probability, P u (t) ϭ ͐ . . . ͐ ᏼ u (s, t)ds, in terms of which we can compute the experimental observables, the correlation functions of the fluorescence signal. A simple way would be to derive an approximate equation for the marginal probability P u (t) by eliminating the stochastic vector s from Eq. 47. This is a standard topic in statistical physics (14) , which is usually referred that to as the ''renormalization of stochastic evolution equations.'' In quantum field theory, a ''bare'' particle interacting with a field is replaced by a ''dressed'' particle with renormalized parameters, which take into account the contribution of the field. By analogy with quantum field theory, we start out with a set of ''bare'' rate coefficients, k uЈu (s), which depend on the fluctuations of the control parameters, and then introduce a set of ''dressed,'' renormalized rate coefficients k uЈu , which express the contribution of the fluctuations of the control parameters. If the intramolecular fluctuations, expressed in terms of the control parameters, have a short correlation time compared with chemical dynamics, the renormalized rate coefficients can be evaluated by using Van Kampen's renormalization method based on a cumulant expansion (14) . We get a dressed master equation for the marginal probability P u (t)
where the renormalized rate coefficients k uЈu are expressed by fluctuation-dissipation relations as integrals of functional transformations of the correlation functions of the control variables. These expressions can be derived by using a cumulant expansion; to save space they are not given here. The important thing is that Eq. 48 is of the type used by Edman and Rigler in their analysis. By starting out from a set of bare rate coefficients k uЈu (s), which obey detailed balance, we end up with a set of renormalized, dressed rate coefficients k uЈu that do not have to obey a similar condition of detailed balance. In general the renormalized rate coefficients k uЈu are different from the average values of the bare rate coefficients, ͗k uЈu (s)͘. rate coefficients, ͗k uЈu (s)͘, that is, ⌬k uЈu 0. If this constraint is fulfilled it is possible that the renormalized rate coefficients do not obey detailed balance even though the bare coefficients do. (iii) The chemical states of the system are connected with at least a loop (13) ; for this condition to be fulfilled there must be at least three chemical states.
It is interesting to compare the two mechanisms for damped chemical oscillations of correlation functions discussed in this article. Although both mechanisms involve the intramolecular fluctuations expressed in terms of the random variations of control variables their role is different in the two cases. In the first case, the time scale of the intramolecular fluctuations must be of the same order of magnitude as the chemical dynamics, and the damped oscillations of the correlation functions of the fluorescent signal are a direct result of damped oscillations at intramolecular level. Chemical dynamics plays a marginal role here in the occurrence of damped oscillations; the oscillations may emerge even if there are only two chemical states. In the second case the intramolecular fluctuations play an indirect role: their job is to produce dressed rate coefficients, which may violate detailed balance. In this case the intramolecular fluctuations are characterized by a characteristic time which is smaller than the time scale of chemical kinetics. The chemistry plays a major role in the generation of the oscillations: they are produced by feedback loops involving at least three chemical states, which may violate detailed balance. In contrast with the first case, damped oscillations may exist even if intramolecular dynamics does not have an oscillatory component.
Conclusions
In this paper we introduce an exactly solvable model for single molecule kinetics, based on a separability condition for the rate coefficients. By using characteristic functionals we develop a general analytic method for computing experimental observables, the correlation functions of different orders of the fluorescent signal. We present a detailed analysis of a system with two chemical states and develop methods for extracting information about intramolecular fluctuations from experimental data. We discuss the problem of damped oscillations of the correlation functions of the fluorescent signal and show that there are at least two possible mechanisms for their occurrence.
We have focused mostly on the study of correlation functions. However, the method of dynamic averaging developed in this paper can be used for the evaluation of other experimental observables in single-molecule kinetics, such as the distribution functions of on and off times. For this purpose accurate measurements of the fluorescence signal are necessary, such as the ones reported in refs. 15 and 16. Further analysis of the analytic solution of the model presented in this paper may be used for getting insight in the understanding of more complicated models for which no exact solutions are available. It may also serve as a starting point for developing approximate methods for other systems; for example, this model may be the 0th order in a perturbational approach.
